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It is proved that the equation of the title has a finite number of integral solutions 
(.x,.r, n) and necessary conditions are given for (x,~, n) in order that it can be a 
solution (Theorem 2). It is also proved that for a given odd x,, there is at most one 
integral solution (1: n), n > 3. to xi t 3.~’ = 2” and for a given odd ]jO there is at 
most one integral solution (x, n), n > 3. to x3 + 3.~: = 2”. 
In an unpublished work the author of the present paper noticed that on 
applying the p-adic method to the diophantine equation x2 + D = q”, D > 0, 
a suitable choice for the prime number p made the solution of this equation a 
very easy matter (e.g., for the well-known Ramanujan-Nagell equation 
x2 + 7 = 2” take p = 29; for x2 + 11 = 3” take p = 5). An analogous method 
can be used in dealing with x3 + D = q” or, more generally though less effec- 
tively, with x3 + Dy’ = q”. However, many more calculations and a more 
refined technique (for the diminution of these calculations) are necessary in 
this case. 
In this paper we restrict our study to the equation of the title and our 
results are contained in Theorem 2 and its corollaries. We first prove the 
following. 
THEOREM 1. If n > 1, then the diophantine equation 
x3 + 34’3 = 4”, (1) 
where xy is odd, is impossible. 
Proof: (1) may be written 
(x + y6)(x2 -x-vi? +y2G2) = 22” = (6 - l)y8’ + I9 + 1p, 
where e3 = 3(8 real). In the field Q(S) the number of divisor classes is 1, the 
fundamental unit is E = -2 + ti2 and the decomposition of the number 2 into 
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prime divisors is 2 = (6 - 1)(8’ + 19 + l), where the prime divisors (19 - 1) 
and (8’ + 19 f 1) have, respectively, degrees 1 and 2. 
Now, in view of (1) (x, 3) = 1 and consequently one can easily show that 
.x + .v8, x2 - xvir + 1’262 are relatively prime. Therefore, either 
(.u+)‘77)=(8- 1)2, or (X +$I) = (19’ + 6 f 1)“. The second equality, 
however, is impossible. For, on taking norms we find .Y’ + 3~~” = 42”. which 
contradicts (1). Therefore, 
.Y + y79 = fErn(79 - 1)2,. 
We only consider the plus sign because x + ~6, s and 0 - 1 are all positive. 
Thus,ifwesetm=2q+r,r=Oor l.weget 
xty6= [(-2 + s’y(a- 1)"]2(-2 f 7Y2y. (2) 
Let us set 
(-2 t 6’Y= a t b6 + ~8’. 
We can prove by induction that exactly one among a, b, c is odd (if q is 
negative we make use of the equality (-2 + 6’) = 4 + 319 + 26’). Further, 
we set 
(77 - 1)” = U + 2!l9 + I&P. 
We can prove inductively that exactly one among U, c’. M: is even (obviously 
n takes only positive values). 
Now (2) becomes 
x +y? = [(u + LV? + ,~?~)(a + b6 + ~6~)]~(-2 + 19~)‘. 
or 
x + ~77 = [(au + 3bw + 3~17) + (au + bu + 3~) I? 
+ (UK) + bu t cu) ty2] 2(-2 + I?~)‘. (3) 
(i) Let r = 0. Then, equating the coefftcient of 17~ to zero we get 
(au t bu t 3~1)~ + 2(au + 3bw + 3cv)(aw + bv + cu) = 0. (4) 
If u is even, then ZI, w are both odd and since, in view of (4), av + bu + 3cw 
is even, a and c must be of the same parity. This means that a and c are both 
even and, consequently, b is odd. Then au + 3bw + 3cv and aw + bv f cu are 
both odd and (4) is impossible mod 4. Analogously, we can prove that (4) is 
impossible if v or w is even. 
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(ii) Let r = 1. Then, on equating the coeffkient of 62 in the right-hand 
side of (3) to zero, we get 
(au + 3bw + 3cu)’ + 6(au + bu + 3cw)(aw + bv + cu) - 2(av + bu + 3~)’ 
- 4(au + 3bw + 3co)(aw + bc + cu) = 0 
or 
[(au + 3bw + 3~x9) ~ 2(aw + bv + cu)]’ - 4(aw + br + cu)’ 
+ 6(av + bu + 3cw)(aw + ba + cu) 
- 2(au + bu + 3cw)’ = 0 
or 
((u - 2w) a + (3~ - 2~) b + (3~ - 2~) c]’ 
= 2( 2(aw + bv + cu) - (au + bu + 3~) 1 
x 1 (uw + btl + cu) - (au + bu + 3cw)] 
and, finally, 
1 tu - 2~) a + (3~ - 2~1) b + (3~ - 2~) ~1’ 
=21(2w-(;)a+(2v-u)bf(2u-3ul)c1 
x [(MI - u) a + (v - u) b + (u - 3~) ~1. (5) 
By (5), the left-hand side is an even number. If u is even, then ~1, M’ are both 
odd and thus b, c are both even and a is odd. But then 
(21%) ~ ~1) a + (221 - U) b + (224 - 3~) c is odd and 
(W ~ ~1) u + (~1 - u) b + (u - 3~) c is even. (6) 
The same result can be proved analogously if u or w is even. Now we show 
that the two numbers in (6) are relatively prime. Indeed, if the prime number 
p divided both numbers in (6), then p would be odd and it would also divide 
the left-hand side of (5). Thus, 
(k&e--)a+(~-u)b+(~-3w)c=O(modp), 
(2~~~-r)u+(2~~-u)b+(2u-3w)c=O(modp) 
(u ~- 2~) (I t (3~ ~ 2r) b + (3~ ~ 2~) c E O(modp). 
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while 
W-V c-u u-3w 
2w-v 2v -ll 224 - 3w 
u-2w 3w-2v 3~1-2~ 
= -u3 - 3v3 - 9w3 + 9utlw = -Norm(u + VI? + wif2) 
= -Norm(6 - 1)” = -2” f O(mod p). 
Therefore, a = b F c E O(modp), which means that p divides a + b6 + my2 = 
(-2 + I?*)~. This is impossible, however, because (-2 + @2)q is a unit. 
Now we get, from (5), 
(w - v) a + (v - u) b t (u - 3~) c = 112A ‘3 
(2~ - v) u + (2v- u) b t (2~ - 3~) c = LB’. 
(u - 2w) a + (3~ - 2v) b + (3~’ - 2~) c = MB, 
where A, B are integers, B is odd and 1 = f 1. Considering the above 
equalities as a system of equations with “unknowns” a, b, c. we find 
-2”-‘b = A(2u2 + 3v2 $ 6w2 - 2uv - 3uw - 6vw) A’ 
t (-3~’ + uv)AB + A ~1: - 3~’ + -U2 - 3v’ + 3uw $ 3uw 
2 
B’. (7) 
On the other hand, 
u3 + 3v3 + 9w3 - 9~2~ = 2” E O(mod 4). 
(i) If u is even then v and w are both odd and (8) becomes 
w - v E uvw(mod 4). 
Now (7) becomes mod 2: 
- 3v’ + 3uw + 3VM’ 
2 
B2 
(8) 
On the other hand, -v2 $ UK + L’W SE v(w - v) + UM’ = UV2M’ f UW = 
ZOV(U~ f 1) E 2uw E O(mod 4). Thus (9) is impossible. 
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(ii) If c is even, then u and M’ are both odd and (8) becomes 
u + w E urn~(mod 4). 
(7) becomes mod 2: 
O=A2+AB+ 1+- 
! 
2 + 3UM’+ 3UM 
2 1 B? 
El+- u2 + 3UW + 3cw 
2 
(mod 2). (10) 
On the other hand, -u’ + 32~ + 3vw F -u’ - uw - uw E -U(U + W) ~ L’W = 
u2vn~ - VW = -mv(u2 + 1) E -2~ E O(mod 4), and (10) is thus impossible. 
(iii) If w is even then u and L’ are both odd and (7) becomes mod 2: 
u2 - 3U2 + 3UM’ + 3l’M 
2 
B2 
2 - u - 
Ei$ 
3 1’ ? + 3 u w + 3 v H’ 
2 
(mod 2) 111) 
and since --u’ - 3~1~ + 32~ + 3~1~ = 3nl(u + t’) z O(mod 4). (I 1 ) is impos- 
sible. This completes the proof of Theorem 1. 
Remark. If in (1) n = 1, then we have the equation x3 + 3~~~ = 4, which 
has the solution (x,~) = (1, 1) and no other solution. In fact. one can easily 
prove that for a fixed n. the diophantine equation x’ + 3~~ = 2” has at most 
one solution. 
Consider now the equation 
x3 + 3P = 2”. xy odd. (12) 
If n = 1 then (x,J~) = (-1, 1) is the only solution and if n = 2, (x,.v) = (1, 1) 
is the only solution (see the preceding remark). If n > 2 then, in view of 
Theorem 1, n cannot be even. Therefore we may suppose that n is odd 23. 
As in the proof of Theorem 1 we obtain 
x fJv9 = (6 - l)“(-2 + ?Y),. (13) 
Now (-2 $ s2)6 = i + 41, where 5 = -324 + 9979 + 879-I. Therefore 
.Y + y6 = (6 ~ 1 )“( 1 + 4<)“(-2 + 8*)‘, O<r<5. 
Set 
(6-l)“=u,+v,6+w,8’. 
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We shall make use of the following relations: 
If II F 2(mod 3) then U,W, E l(mod 2) u, = 2(mod 4) and u,, + )I’,, = 
Z(mod 4). 
If n E O(mod 3) then u,, s O(mod 2) and 1~~ w, = 1 (mod 2). 
If II E l(mod 3) then u,,u, s l(mod 2). ~9, = 2(mod 4) and U, - z’, = 
2(mod 4). 
We can prove these relations (which are valid for n > 1) very easily using 
induction and the recursive formulae 
Uit3 = 2ui - 9ui + 9wi, z’i+3 = 3ui + 2vi - 9w;, 
wit3 = -3ui + 3u, + 2W[ 
which are obtained from the equalities 
ui+3 +Ui+3~+Wit3~2=(~-l)i+3=(~-l)i(g-1)3 
= (Ui + Vi6 + Wiiq(2 + 38 - 362). 
Note also that in (12) II f O(mod 3), because it is well known that the 
diophantine equation x3 + y3 = 3z3 is impossible if z # 0 (see, e.g., [ 1 ] or 
[ 21). Now we work 2-adically: 
(1 + 41)“’ = 1 + 4M< + 42( ) = 1 + 4M(-324 + 996 + 87a2) + 42( ) 
= (1 - 1296M) + 396M6 + 34812116’ + 42( ). 
Then, 
(6 - l)“(l + 41),+’ 
= (u, + u,,8 + w,ti2)[(1 - 1296M) f 396Mti + 348Ma2 + 4’( )I 
= u,[(l - 1296M) + 4*( )] + 3v,1348M + 4’( )] 
t 3w,[396M + 42( ,] + (u,[ 396M + 42( )I 
+ u,[(l - 1296M) + 42( )I + 3u’,[348M t 4’( ,]} 6 
+ (u,[348M t 42( )] + z,,[396M + 42( )] 
+ w,[(l - 1296M) + 4*( )I) if*. 
This expression of (6 - l)“(l t 41)” when multiplied by (-2 t ti2)’ gives an 
expression in which the coefftcient of rY2 must be zero, in view of (13), and a 
posteriori, congruent to 0 mod 4. 
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With this in mind we examine each value of the exponent r separately. 
(i) r = 0. Then ~1~ G O(mod 4) and this is impossible. 
(ii) r = 1. Then 11, $ 2~~ = Ofmod 4) and consequently u, is even. 
But this can happen only if II z O(mod 3) and we have excluded these values 
of n. 
(iii) r = 2. We have (-2 + 19~)~ = 4 + 36 - 46’. therefore we must 
have 17, = O(mod 4) and this is impossible. 
I (iv) r = 3. We have (-2 + 19’)~ = 1 - 186 + 128’, therefore we must 
have u’, t 2~,, z O(mod 4). Then ~1, is even, n = I(mod 3) and since 11 is 
odd, 17 3 l(mod 6). 
(VI r = 4. We have (-2 + 19’)’ = -56 + 728 - 236’, therefore we 
must have U, = O(mod 4). But n is even only if n = O(mod 3) and this case is 
excluded. 
(vi) r = 5. We have (-2 $ 8’)’ = 328 - 21319 - 108’. therefore we 
must have 2u, - c, = O(mod 4). Then ~1, is even, n E 2(mod 3) and since n is 
odd, II = - l(mod 6). Thus we have proved the 
LEMMA. If the equation 
9 t yit = (6 - I)“(-2 + P)“‘, n > 3, 
is soluable, then either n = l(mod 6) and m = 3(mod 6) or II E - l(mod 6) 
and m E - 1 (mod 6). 
For the further study of (12) we work 61.adically. 61 is a prime (in fact, 
the least one) which splits in Q(S) into three different prime first-degree 
divisors. Consequently, for every integer u in Q(a), relatively prime to 61, 
we have a6’ = I(mod 61). 
Now set, as before, 
&=-2+6’ and F’ = a,v + b,6 t ~~8’. 
Then. 
a St, = -2a, -t 3b,, b,, , = -2b,$ + 3c,, c, + , = a, - 2c,. 
Set also 
6=-l +6 and 6’= u, + c,B t w,iY. 
Then, 
u r+, = -u, + 3w,, u,, , = u, - Z!,, w,+, = 1’,. - w,. 
With the aid of the above recursive formulae we can easily compute the 
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values of a,, b,, c,; u,., L’,., W, mod 61’ or mod 61 (see Tables I and II, respec- 
tively). Thus, &30 z -773 + 1738 - 1436ti2(mod 61’). from which 
c 6o = -893,039 + 5,918,8308 + 2,249,98W2 E 1 + 61(97,0308 + 36,885it’) 
= 1 + 61(406 + 61.15906 - 206* + 61.6058*) 
E 1 + 61(406 - 20a2)(mod 61’). 
Then cho = 1 + 615, where < = 4019 - 208’(mod 61). Analogously we find 
dho= 1 f6lq. where q E 12 + 86 - 86’(mod 61’). 
TABLE I (mod 6 I ‘) 
3. r 
0 
I 
2 
3 
4 
5 
6 
7 
8 
9 
IO 
II 
I2 
13 
14 
15 
16 
17 
lb 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
0, b, 
I 0 
-2 0 
4 3 
I ~18 
-56 12 
328 -213 
-1295 396 
51 252 
642 965 
1611 -976 
1292 1970 
-395 857 
-360 10 
750 --932 
-575 --Ill3 
1532 -733 
-1542 --I783 
1456 -224 
137 -319 
-1231 --902 
-244 1574 
1489 1061 
205 -109 
-137 659 
-270 -- 1585 
-494 1493 
1146 -442 
PI097 1756 
20 -18 
-94 920 
-773 173 
0 I 
I -I 
-4 I 
I2 2 
--23 PII 
-10 29 
348 =50 
--I991 41 
318 85 
6 -478 
1599 1261 
-1906 1542 
-304 1798 
248 --56 
254 1579 
-1083 -973 
-23 l7Yl 
- 1496 704 
727 1732 
-1317 5 
1403 -52 
671 -86 
I47 404 
-89 -1058 
-559 1790 
848 -1388 
1531 399 
-1316 -895 
1535 -1288 
671 -95 
-1436 -1362 
L’, 
0 
I 
-2 
3 
-. I 
-10 
39 
--89 
130 
-45 
-433 
1694 
-152 
1950 
1715 
-136 
-837 
1093 
1797 
-65 
60 
-112 
26 
378 
ml436 
-495 
-893 
1292 
1534 
899 
-994 
II‘, 
0 
0 
I 
-3 
6 
-1 
-3 
42 
-131 
261 
-~306 
-127 
1821 
1748 
202 
1513 
-I649 
812 
1816 
~- I Y 
-46 
106 
-218 
244 
134 
PI570 
1075 
-1968 
-461 
1995 
-1096 
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TABLE II (mod 61) 
b, 
0 
0 
3 
-18 
..-j: 
30 
8 
-- I I 
0 
18 
3 
IO 
-17 
46 
-2, 
20 
-14 
13 
-12 
24 
4 
1 
29 
-15 
-13 
-18 
5 
-10 
-18 
-11 
28 
7 
-23 
2: 
3 
10 
0 
5 
-20 
-1 
7 
II 
-29 
-12 
3: 
4 
-14 
2; 
-II 
14 
2: 
-25 
3 
c, 21, 
0 1 
I -1 
-4 I 
12 2 
-23 -II 
m-10 29 
43 
22 4: 
13 24 
6 
I3 .-:; 
- I5 17 
I 29 
4 5 
IO 7 
2’; 2: 
29 -28 
-5 24 
25 -5 
0 Y 
0 -25 
-ii -23 1
-10 21 
-6 6 . . ..A 
26 20 
IO -7 
0 27 
28 -m20 
25 
2 
21 I8 
-3 12 
12 -18 
-15 
4 -2: 
-15 -7 
27 15 
22 -9 
I7 
:: 
2: 
-I5 
-12 IO 
L”, 16 
I4 
-27 -9 
-28 17 
1 4 
-2: -20 21 
IO 5 
2: 15 3
-20 14 
-8 -18 
2: -19 
2 -::, 
I‘, 
0 
I 
2 
3 
-1 
-10 
-~-22 
-28 
8 
I6 
-6 
-14 
-30 
-2 
7 
-14 
I7 
2; 
1: 
IO 
26 
I2 
28 
-7 
22 
II 
-I: 
-18 
-2 
28 
8 
10 
2 
-20 
13 
:; 
-14 
2: 
-2: 
-29 
-16 
30 
22 
-5 
-2:: 
-II 
tP 
27 
-- I3 
-5 
-13 
-30 
H’, 
0 
0 
4 
6 
-7 
-3 
-IO 
-Y 
17 
I 
-; 
-21 
I9 
-12 
-2 
IO 
-14 
-19 
I5 
~~ 16 
26 
0 
I2 
I6 
-23 
-16 
27 
~-18 
2 
-20 
18 
IO 
-2 
I2 
-IO 
--IO 
23 
2 
27 
20 
-15 
22 
24, 
:i 
23 
7 
15 
20 
29 
3 
-14 
30 
IY 
8 
-21 
:i 
I’. s 
0 
I 
2 
3 
4 
5 
6 
i 
Y 
IO 
I I 
I2 
I3 
14 
I5 
I6 
I7 
IX 
IY 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
35, 
40 
41 
42 
43 
44 
:2 
47 
:i 
50 
51 
52 
53 
54 
55 
56 
57 
5x 
59 
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Therefore c60z and a6” converge 61-adically for every 61.adic integer z. If 
we set 
n=60N+r. m=60M+s, 0 < r, s < 59, 
then, from (13). we get 
x +JI?= 8”~~ = 6’e”(l + 6lq).‘(l + 615)” = ~‘s’(mod 61). (14) 
Since the coefficient of rY2 in the left-hand side of (14) is zero, we have 
u, w, + b,T u, + c, u, = O(mod 6 1). 
On examining Table II. (having in mind that it suffices to examine only the 
pairs (r,s) for which O,<r,s<59 and (r,s)-(1,3),(-1,-l) mod6), we 
find that the above congruence is satisfied only if 
(r-s)= (5.59), (7,57), (13,51), (49,51), (53,59). 
Then from x + y6 = iYe’(mod 6 1) we get 
and for the above values of (Y, s) we get, respectively. 
(x,y)= (-7,5), (5, I), (27, 17), (-28, 12), (-14, -8)(mod 61). (15) 
Suppose now that (xi, y,, n,) and (xz,y2, n2) are solutions of (12) with 
n,, n, > 3. We claim that if either xi =x2 or y, -y2 (mod 61)2, then the two 
solutions coincide. Indeed, we have the following relations 
x, +?‘, 8 = P’ern’, x2 + y, I9 = PFrn2 
and if either of the relations X, = x2 ,~‘i = ,j2(mod 61), n, = nz(mod 60) is 
satisfied, then all three of them are satisfied, as is m, 5 mz(mod 60). In such 
a case put n, - n2 = 6ON, m, - ml = 60M, so that 
x, + .I’* 6 = (x2 + y2 6) Pv&hoil’ = (x2 +~‘~6)(1 + 61~)‘(1 + 6lQ”. (16) 
We have 
(1 + 61~)~(1 + 610.” = [ 1 + 61.12N + 61’( )] 
+ [61.8N+ 61.40M+ 612( )] 6 
+ [-61.8N- 61.2OM+ 61’( )I 6’. 
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On multiplying this product by x2 + ~1: t) we get, in view of ( 16). 
s,=.u,+61(12.~~-24~~)N-61.60~~,M+61~( ), 
~1, =)12 + 61(8x2 + 12~1~) N + 61.40.uzM + 61’( ). 
0 = (8~)~ - 8.~~) N + (40~~ - 20x2) M + 61( ). 
If .Y, E x,(mod 612), then the first of (17) becomes 
(17) 
(12~-24~~)N+j~~M+61( )=O, 
which, combined with the third of (17). gives a system in M and N. After a 
well-known theorem of Skolem (see, e.g.. 13, p. 93 I). necessary condition for 
the existence of a non-zero solution (M. N) of this system is 
12.~~ - 24.~~ .)‘2 
8~‘~ - 8x2 40V2 - 20x, 
s O(mod 6 1). 
i.e.. J; - .Yz.Vz ~ 30.~; = 0 (mod 61). This gives yZ = 6.~~ or J’: = -5s: 
(mod 6 1). which is impossible in every case of (15). Thus (M, N) = (0,O) is 
the only solution of the system, which means that tr, = 12~. WI, = ml and 
(.K, , )‘I ) = (x* 1 J’2 ). 
In a completely analogous way we can prove that if J’, = >,,(mod 6 1’) then 
the solutions (x,. .I’, . n,) and (.Y~, jlz, n,) are identical. This completes the 
proof of the following 
THEOREM 2. The equation x’ + 3~1~ = 2” has an integer solution (s.J.. n) 
with xy odd and n > 3 only if one of the following conditions are satisJed: 
n = S(mod 60) and (x.y) = (-7. S)(mod 61). 
n = 7(mod 60) and (x,!,) I (5, 1 )(mod 6 1). 
tz = 13(mod 60) and (.u,.v)= (27, 17)(mod 61). 
n = 49(mod 60) and (.u,J’)= (-28, 12)(mod 61). 
n=53(mod60)and (x.J)=(-14.-8)(mod61). 
If (-u,,.v,. n,) and (x?,yz, nz) are solutions as aboL!e and either 
x, = sz(mod 61’) or v, = yz(mod 61’), then these solu:ions are identical. 
COROLLARY I. The equation x1 + 3.1,’ = 2” has at most a finite number 
of solutions (x. J: n). 
COROLLARY 2. For a given odd x0 the equation xi + 3~’ = 2” has al 
tnost one solution (J: n), n > 3, and for a given odd >I,, fhe equation 
xy3 + 3~: = 2” has at most one solution (x. n). n > 3. As a consequence of 
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Corollary 2 we obtain, e.g., the following results: The only solutions to the 
diophantine equations 
2 + 3 = 2”, .Y3 + 315 = 2”. 3),3 = 343 + 2” 
are, respectitlel>‘, 
(s, n) = (-1. 1). (1, 21, (5, 7). (x. n) = (-7, 5). (I: n) = (5. 5 1. 
We conclude our paper by proposing the following. 
Problem. Is .Y’ + 3~1~ with .u,y odd integers a power of 2 only when 
(.u,.v)= (-1, 1). (1, 1). (-7,5), (5, l)? 
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